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Preface O A 


“God is always doing geometry”, said Plato. But the deep 
investigation and extensive attention to geometric inequalities as an 
independent field is a matter of modern times. 

Many geometric inequalities are not only typical examples of 
mathematical beauty but also tools for application as well. The well 
known Brunn-Minkowski’s inequality is such an example. “It is like a 
large octopus, whose tentacles stretches out into almost every field of 
mathematics. It has not only relation with advanced mathematics such 
as the Hodge index theorem in algebraic geometry, but also plays an 
important role in applied subjects such as stercology, statistical 
mechanics and information theory”. 

There are dozens of books on geometric inequalities so far, in 
which “Geometric Inequalities” by Yu. D. Burago and V. A. 
Zalgaller is cited worldwide. And “Geometric Inequalities” by 
Chinese scholar Mr. San Zhun is an excellent introductory book 
(Shanghai Education Press, 1980). 

The aim of this book is mainly to introduce geometric inequalities 
to students and high school teachers who wish to attend the 
Mathematics Olympiad Competition. The material is elementary. In 
the process of writing, I strive to achieve: firstly, carefully select new 
achievements, methods and techniques of recent studies. Secondly, 
the material should be simple but non-trivial, with an interesting and 
profound background. Thirdly, as far as possible to present the 
students’ excellent answers and, of course, also some results on my 
research and experiences. Any comments and suggestions are 
welcome. 
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At last, I would like 
and patience in the publication of 
my doctoral student Mr. Si Lin for 
My cherished desire is that the reade 


this book. And thanks also give tO 
his typist and drawings- 
rs like this book. 


Leng Gangsong 
October 2004 
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The method of segment 
Chapter 7 replacement for 
distance inequalities _—— 


The comparison of lengths is more basic than comparison of other 
geometric quantities (such as angles, areas and volumes). A geometric 
inequality that involves only the lengths is called a distance inequality. 

Some simple axioms and theorems on inequalities in Euclidean 
geometry are usually the starting point to solve problems of distance 
inequality, in which most frequently used tools are: 


Proposition 1. The shortest line connecting point A with point B is 
the segment AB. 


ram:@math 


The direct corollary of Proposition 1 is 
Proposition 2 (Triangle Inequality). For arbitrary three points A, 


B and C, we have AB <AC +CB, the equality holds if and only if C is 
on the segment AB. 


Remark. In this book, to simplify notations, any symbol of 
geometric object also denotes its quantity according to the context. 


Proposition 2 has the following often used consequences. 


Proposition 3. In a triangle, the longer side has the larger opposite 
angle. And the larger angle has the longer opposite side. 


Proposition 4. The median of a triangle on a side is shorter than 
the half-sum of the other two sides. 


2 Geometric Inequalities 
Proposition 5. If a convex polygon is within another one, then the 
outside convex polygon’s perimeter is larger. 


Proposition 6. Any segment in a convex polygon is either less than 
the longest side or the longest diagonal of the convex polygon. 


Firstly, we give an example. 


Example 1. Leta, b and c be sides of A ABC. Prove that 


a b pag 
Fe cta rato A * 


Proof, By the triangle inequality a <b +c, yields 


a 2a < 2a 
b+c 20h arc 


Similarly, 


8 
Adding up the above three inequalities leads to Inequality (1). U 


— 


Example 2. Let AB be the longest side of A ABC, and P a point in 


the triangle, prove that 
PA + PB > PC. (2) 


Proof. Let D be the intersection point c 
of CP and AB (see Figure 1.1), then 


ZADC or BD is not acute. Without 
ait — B 


loss of generality, we assume that ZADC F 
is not acute. Applying Proposition 3 to D ms 
AADC, we obtain ** 
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AC >CD. 


Therefore, 
AB AC >CD > PC. (a) 


e.g emitter 10 JA. PAB, we have 
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AC CD. 
Therefore, 
AB SAC >CD > PC. (a) 
Furthermore, applying triangle inequality to AB, we have 
PA PB > AB. (b) 
Combining (a) and (b), we obtain Inequality (2) immediately. O 


Remark. (1) If AB is not the longest, then the conclusion may not 
be true. 

(2) If point P on the plane of regular AEC, and P is not on the 
circumcircle of the triangle, then the sum of any two of PA, PB and 
PC is longer than the remaining one. That is, PA, PB and PC consist 
of a triangle’s three sides. 


Example 3. A closed polyg 


inside a circle with radius +. 


Analysis, The key to prove Example 3 is to determine the center O 
— 
of the circle, such that the distance of point on the polygonal line to 


al line with perimeter 1 can be put 
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point O is less or equal to L, 


Proof, Let points A and B be two 
arbitrary points that bisect the perimeter of 
the closed polygonal line (see Figure 1.2). 
That is, the length of the polygonal line 


AB is 2. Let the center of circle O be the 


midpoint of the segment AB, then the 

distance from each point on the closed 

1 

4° 

In fact, let M be a point on the closed polygonal line but not A or 


Figure 1. 2 


polygonal line to point O is less than 
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B, applying Proposition 4, we have 
1 174 A 1 
OM < z (AM +MB) < z (AM + BM) < = 
N 
where symbols such as AM denote the polygonal line with endpoints A 
and B, and its length as well. 
And if M is A or B, then OM = — <— by Proposition 1. 


Now, we draw a circle with center O and radius + then the 


polygon is located inside the circle. LJ 


In fact, the proofs of above examples embody an idea of “segment 
replacement”, we call it “the method of segment replacement”. 
Specifically, this method is based on Proposition 1 or its inference, 
replace curve to polygonal line, = then replace polygonal line to 
segment. This method is one of the: most commonly used methods for 
proving geometric inequalities, especially distance inequalities. 

Now, here are other examples2 

Firstly, we introduce the classical Pélya’s problem. 


Example 4, Of all the curves that can bisect the area of a circle 
and with their endpoints on its circumference, the diameter of the 
circle has the shortest length. 

Proof, Denote the curve by AB, points A, B on the circle. If A 
and B are two endpoints of a diameter, then it is clear that AB is not 
less than the diameter. 

If chord AB is not a diameter (see Figure 
1.3), let diameter CD be parallel to AB Cif 
A = B, then CD can be any diameter that docs 
not intersect with A or B), then curve AB 
intersects CD at point E which is not the center, 
hence 
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AB = AE +EB >AE +EB. 
The key point is that we consider the polygonal line instead of the 
curve. e am 
Now we show that AE + EB > the diameter of the circle. Let B’ 
be the symmetric point of B to CD, then AB’ is the diameter of the 
circle. So 


AE +EB = AE + EB’ > AB’ = the diameter of the circle. 
g 


The following example stems from our research on extremal 


property of the pedal triangle. 


Example 5, Let P be a point in AABC, and A’, B’ and C’ be the 
projection of P onto BC, CA and AB or their extended, respectively; 
Let A”, B” and C” be the intersection points of AP, BP and CP to 
corresponding sides, respectively. And the perimeter of AA”B”C” 
equals 1. Prove that 


elegram 


rer fer 
Proof. The required inequality is equivalent to 
A'B” + B’C’ CA +A'C" +C’B’ + B’A” <2. (a) 
To prove (a), we need only to prove the local inequality 
AB“ +A'C’ < A'B” +A’C’. (b) 
Similarly, 
B'A” +B'C” < B”A” BRC, 
CA“ CHE SCA“ C. 
Adding up these inequalities, we get (a) immediately. CJ 


Before proceeding to prove (b) we need the following lemma. 


Lemma 1, Let point P be on the altitude AD of ABC (see Figure 
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v 7 M 
1.4). If BP intersects AC at E, and CP : ” aa 
intersects AB at F, then 


ZFDA = ZEDA. 


Proof. Suppose that the line parallel 7 D C 
to BC intersects lines DE and DF at points Figure 1. 4 
M and N, respectively, then 


AF AN. CE _CD 
BF BD AE AM’ 


By Ceva's theorem, 


AF BD CE 


BF BG H A 
that is. 
AM - AN. 
By AD | MN, we have DM = DN, so 


ZEDA = ZADM = ZADN = /FDA. 


g 
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Now we turn to prove (b); 


a 


Proof. (i) If P is a point on She altitude AD of AABC, then 
A’ = A”, obviously, (b) is true. a 

(ii) If P is not a point on the altitude į 
AD of AABC (see Figure 1.5), without ! 
loss of generality, we may assume that P, 
B lie on ipsilateral of AB, line AP 
intersects AB at M, MC intersects BH at 
M”. By Lemma 1 we have 


ram 


ZB’A'P > /M’A'P = ZC” A'P. (c) 


Let N be the symmetric point of B” to BC, 
then 


The method re 


distance i. ities 


ZNA'C = ZCA'B’. 
By (c) we have 
NAC + ZC"A'C 
= ZNA‘C + ZC"A'P + PAC 


M. By Lemma?“ N 
ZB"A'P > ZM’A'P = ZC”A P. (c * 
Let N be the symmetric point of B” to BC» EE 
then 
The method re or distance i ities 7 
INC = ZCA'B". 
By (c) we have 
NAC CAC 
= ZNA'C + LOA? + PAC 
< /PA'B’ + ZPA'N 


= xs 
ipsilateral of CN. 
position 5 we have 


so A’ and A” lie on that is, A’ is a point in 
CAN. then by Pro 
AIC’ + AN SAC +A'N. 
Notice that A”B” AN; A'B” =A N, we have 
* + AC’ p A'B + AC’. 
: 2 


Tele 


Thus, we have proved (b). 


Remark. (1) Symmetric reflection method in Example 5 is an 


often used means of segment replacement. 
(2) Applying inequality (b), Dr. Yuan Jun proved a conjecture of 
Mr. Liu Jian: 
The perimeter of AAC < the perimeter of ABC. 


The following example is a rather hard problem. 


Example 6. Let P be a point in AABC, show that 
JPR +/PB + /PC < «VBC +/CA +/AB). e 


First we state the following lemma which can be derived by 
Proposition 5 directly. 


P Lemma 2. Let P be a point in the convex quadrilateral ABCD , 
en 
PB +PC < BA +AD +DC. 
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Next we prove (a). 

Proof. Let BC = a, AC =b, BA = 
c, PA = x, PB = y and PC = z (see 
Figure 1.6), and let A’, B’ and C’ be 
midpoints of the sides of ABC, then P 
must be in one of the parallelograms 
A BAC“, CBCA“ and BAC. Without 
loss of generality, we can assume that P is 


Figure I. 6 


in parallelogram A BAC“, then applying Lemma 2 to convex 


quadrilateral ABA’B’, we have 
PA +PB < BA’ +A’B’ +B’A, 
that is 


* ＋ <Z@ +b +e). 


Similarly, for convex quadrilateral ACA‘C’, we have 


PA +PC ACH CA! TAC. 


h bo 


Tel 


that is 


1 ＋ 2 26 +b +c). 


Adding up (b) and (c), we find that 
az +y +z <a +e +e. 


Now we notice that the original inequality is equivalent to 
tla edo +i? <2(Wa +/6 +Jc)?, 
that is 


rtyt2+2J/zry +2V zz +2V yz 
<2(a +b +c +2Vab +2Vbe +2Vac). 


Thus, it suffices to prove (e). 


(b) 


(c) 


(d) 


(e) 
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By the mean value inequality, we have 
2% 2 25 
2 a =, 
2/yz Sy tz. 
Combining these three inequalities and inequality (d), we get 
the left side of (e) <z +y +z +22 +y ＋2 +r 45 4 
= > (2x ＋ 5 ＋ 2) < > (a +b +c), 
so we need only to prove 
Ša tb +e) <Š(a +b 4c+2vab +2Vbe +2Vac). (£) 


But (f) is equivalent to 
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a b e <2(fab + be Nac). (g) 


which is a simple inequality. In fact, without loss of generality, 
suppose that a >b >c, then byb +c >a, 


the right side of (g) > 2(6 +c) >a +b +c = the left side of (g). 
Therefore, (a) has been proved. g 


Remark. (1) The constant /5/2 of inequality (a) is optimal, the 
proof of which is left to the reader. 

(2) The elegant answer above was given by Zhu Qingsan (the 
former student of High School Affiliated to South China Normal 
University, who won a gold medal at the 45th IMO in 2004). Smartly 
positioning point P and dealing well with the non-fully symmetry 
variable are the key points to the answer. 


Of course, Example 6 can also be proved by contour line. Contour 


tz) ine cicgant answer above was given oy Znu Uingsan (ine 
former student of High School Affiliated to South China Normal 
University, who won a gold medal at the 45th IMO in 2004). Smartly 
positioning point P and dealing well with the non-fully symmetry 
variable are the key points to the answer. 


Of course, Example 6 can also be proved by contour line. Contour 
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line is a special plane curve, such as circle, ellipse and so on, 
introduced to discuss extremal problems. Here we use ellipse as the 
contour line. 

An Alternative Proof of Example 6 

Proof. Let BC = a, CA = b and AB = c. Without loss of 
generality, suppose thata < b anda <c. 

Now, we make an ellipse through P with focal 
points B and C, and intersects AB and AC at E and 
F, respectively (see Figure 1.7), thej by Proposition 
1 we have 


ath_boo 


PA <max(EA, FA £ 
Without loss of generality, suppose Bhat EA >FA, 


then PA < EA. Further, 2 
VPC + /PB < /20PB +PC) = /2(EB +EC), 
therefore 

VPA + /PB +/PC 


< JEA + /2(EB + EC) 
5 4 
< [5EA +> (EB +EC) | 


1 
m 5 4+ EB) +2(EC EB) 


.I +4 


O +b +Vc). 


Ptolemy's inequality 3 
and its application —-® 


The famous Ptolemy’s inequality is a distance inequality for arbitrary 
quadrilateral. It can be written as 


Theorem 1 (Ptolemy's inequality). In the quadrilateral ABCD, 
we have 


AB • CD +AD+ BC > AC + BD, 


b 


the equality holds if and only if four points A, B, C and D lie ona 


circle. E 

Proof. Let E be a point in quadrilateral j 
ABCD (see Figure 2.1), such that ZBAE = 2 D 
ZCAD, ZABE = ZACD, then AABE ~ 
AACD. So AB + CD = AC + BE. Also silt 
ZBAC = ZEAD, and AB/AE = AC/AD, 4 
then ABC v AAED, AD + BC = AC + C 
DE. So Figure 2. 1 


AB • CD +AD + BC = AC(BE + DE) > AC « BD, 


the equality holds if and only if point E is on segment BD. Thus 
ZABD = ZACD, so ABCD is an inscribed quadrilateral. U 


By applying Ptolemy's inequality, we have simple proofs for some 
distance inequalities. 


Example 1 (Klamkin’s dual inequality). Leta, h and e be the three 
sides of ABC, and let m, and m, be medians of b and c , respectively. 
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Prove that 
Im m, <2a* +bc. (1) 


Proof. Construct parallelogram ABCD 
and ACBE (see Figure 2.2), connect BD and 
CE. Notice that DE = 2a, BD = 2m,, and 
CE me, applying Ptolemy’s inequality for 
quadrilateral BCDE , 

BC » DE + BE. CD > BD - EC. 


That is (1). 


Example 2. Leta, b and c be the three sides of AABC, and let 
Mas Ma, and m, be medians on sides a, b and c, respectively. 
Prove that E 


m,(bc —a?) +m, fac —b?) +m. (ab — c?) . (2) 
© 


The key to the following proof is to find a special quadrilateral. 

Proof. Let AD, BE and CF be 
medians of triangle ABC with barycenter 
G (see Figure 2.3). 

Applying Ptolemy's inequality to 
quadrilateral BDGF , 


BG + DF <GF » DB TDG. BF. (a) Figure 2.3 


C 


Notice that BG = Ius DG = Im. » GF = im, and DF = t, 
(a) can be rewritten into: 


2bm, Sam, +cm,. 


2h?m, S ahm, chm. (b) 
Similarly, 


2c?m. <acm, +bem,; (c) 
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24 m. <.abm. +acm,. (d) 


Adding up (b), (c) and (d), we have 
2(m,bc +myca Hm ab) >2(m,a* +m,b? +m,.c?), 


and by rearranging terms, we obtain inequality (2). 0O 


Like Example 2, the following is another example of geometric 
linear inequality generated by Ptolemy’s theorem. 


Example 3. Let At Az A, be a regular n -polygon, and M. 
M... . M, be midpoints of the corresponding sides. Let P be an 
arbitrary point in the plane which n-polygon lies in. 

Prove that 


us 

2) PM, > (s z 2 Pa. (3) 
Proof, Let Mun, M. be midpoints of the 

(i —1)th and Ci) th edge of the regular n - 

polygon, respectively (see Figure 24). Applying 

Ptolemy’s inequality to quadrilateral PM., A, M., 

we obtain the partial inequality 


A;:M z PM; + PM; A. M, > PA; e MiMi, Figure 2. 4 


P. 


80 
PM, +PM,, > 2(cos =). PA,, (a) 


where i =1, Zy ooo 9 N and Ay =A,, Mo = M.. 
Now summation on both sides of (a), we have 


>) (PM; PM.) >2(cos $). OPA. 
i=1 i=1 
which is equivalent to inequality (3). O 


The following two examples introduce skills of dealing with 
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AG +GB +GH + DH + HE SCF. 


(36th IMO problem) 

4. Let AABC be inscribed on © O, and P be an arbitrary point in 
A\ABC, Construct parallel lines of AB, AC, BC through P, intersect 
BC, AC at F, E, intersect AB, BC at K, I, intersect AB, AC at G, 
H respectively. Let AD be a chord of © O through P, prove that 


EF? + KI? + GH? >4PA «+ PD. 


5. In AABC, let bisectors of ZA, ZB, ZC intersect 
circumcircle of MAC at A:; B, and C, , respectively. Prove that 


AA, + BB, CC. >AB HBC CA. 
(Australian Competition in 1982) 
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Inequality for the i 
inscribed quadrilateral- © 


Inscribed quadrilateral has not only rich relationships in geometric 
equalities, but also possesses interesting extremal properties. Since the 
sides of the inscribed quadrilateral can be represented by the 
trigonometric functions of the corresponding central angle, this makes 
it possible to use the trigonometric method to do with the geometric 
inequalities of the inscribed quadrilateral. The following is such an 
example. 


ath_books 


Example I. Let ABCD be a inseribed quadrilateral. Prove that 
= 
| AB -CD | +| AD # BC |>2 | AC -BD |. (1) 


(Problem of The 28th Mathematical Olympiad of America) 

Proof. Let O be the circumcenter of the 
inscribed quadrilateral ABCD with radius 1, (see,. 
Figure 3.1) ZAOB = 2a, ZBOC = 28, ZCOD = 
2y, ZDOA = 26, then 


a +B+y +8 =n. 


Without loss of generality assume thata >y, 
8 >ò, it follows that 


| AB —CD | =2| sina —siny | 


=4 ein e. Yeost 27 


=4 an e- sin OF 


Similarly, we have 
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|AD-BC|=4 ein Esine H|, 
| AC ED | = 4| sin 2% T 
Therefore 
| AB -CD |-| AC -BD | =4 sint 77| ( 33 7 4 1 72 
= 4| sin 52 (E ein) 


= 4| sin 52 


. (2cos £ sin 2) 
>0. 
Hence , 


| AB -CD |>| AC -BD |, 
| AD — BC |>| AC —BD |. 


oks 


ram 


Summing up above two inequalities, we obtain inequality (1). Q 


There is a special inscribed quadrilateral, called double scribed 
quadrilateral, which means it has both the circumscribed and inscribed 
circles. 

The following example is an inequality of a double scribed 
quadrilateral. The inequality was found by Mr. Chen Jixian. The 
following proofs (1) and (2) we introduce were provided by Long Yun 
(former student of Yali High School of Changsha, China, who was 
elected to the National Math Winter Campus of China in 1999) and 
Zhu Qingsan (student), respectively. 


Example 2, Let ABCD be a convex double scribed quadrilateral. 
Denote the radius and area of the circumcirle by R and S, respectively. 
Let a, b, c, d be the side lengths of the quadrilateral ABCD. 
Prove that 
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abc +abd +acd +bcd <2J/S(S +2R?). (2) 


Proof 1. We denote the centers of the 
circumcircle and the inscribed circle of 
quadrilateral ABCD by O and I, respectively 
(see Figure 3. 2). The tangent points of 
inscribed circle with sides AB =a, BC =b, 
CD =c, DA =dare K, L, M, N, respectively. 
Let ZAIN = 21, ZBIK = 22, ZCIL = 
ag, ZDIM = £4, and denote AK = AN = 
a’, BL = BK , CL =CM =c’, DM = DN =d". 

Since ABCD has an inscribed circle, we have 


a+c =b +d. 


Denote the left side of (1) by FÆ, and without loss of generality, we 
may assume that the radius of the inscribed circle is 1, it follows that 


@m 


= (a +b+c +d)lac d). (a) 


H = (a +c)bd +(b+d)a 


Ah 
Il 


1 
2 


Telegr: 


Applying 
a = +b', b = c, c =c'+d', d =d' +a’, 
to the right side of (a), yields 
H = (a' +b’ +c’ +d’)[(a’ +b’)(c’ +d’) +’ +c')(d’ +a’)]. 


(b) 
Since ZA + ZC = 180°, we obtain 
Z1+ 23 = 90°. 
From this, we have AAIN ~ CL, hence 
ac = AN -CL = M-. IL =1. (c) 
Similarly 
b’d’ = 1, (d) 


Notice that 


art, (d) 


Notice that 
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PR (e) 
2 ' * 
from equalities (c), (d), (e), we obtain 
H =S[4+(a’ +c’)(b’ +d’) ]. (f) 
On the other hand, from sine law and ZB +22 = 180°, we have 
AC 
R 2sin ZB 
= AC _ 
2sin 272 
— AC nee S 
= (e022 2 


— AC Tun zA) 


r 
= GAC + Gd. 


K 


E 
Similarly = 
R= fap „(a +c’), 
therefore 2 
— 
R? = LAC + BDU’ +c')(b' +d’), 
but 


S = }AC + BD + sina A. BD, 
where a is the angle of diagonal AC and BD. Hence 
R? S0 +O +d’). 
From above we have 


2/5 (S +2R?) >2/5(S +8 +(a’ Tc) +d’)) 
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whe 


S 
2 


[4+ a’ +c’)(b’ +d]. (g) 


By (f), (g), in order to prove (1), it suffices to prove tst > 1, 
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st , . / 
= 2 [4 + (a' +c’)(b’ +d’)]. (g) 


By (f), (g), in order to prove (1), it suffices to prove ts > 1; 


which is equivalent to 


Ja’ +b’ +e’ +d’ >2. (h) 


Since ac = 1, b'd’ = 1, we obtain 


a’ +c’ +6’ +d’ ae +2,/ b'd’ =4, 
so we have proved (h). U 
The above natural and fluent proof that uses fine triangulation 
methods won high praise by lots 6f math olympic masters. 
Proof 2. First we prove a lemma. 
& 
Lemma 1. In AABC, if A= 90°, then (6 +c)/a Z. 
Proof. 


Telegra 


„BEB 
n cos 


Si 


b+c sin B sin C 2 2 2 
a sinA sinA 
2cos 4 1 
_—_— — = <v2. 
2sin 3 A sin A ý 2 
2 2 2 


Let us prove the original inequality. 

Proof. Assuming that the four sides of 
quadrilateral ABCD be AB, BC, CD, DA (see 
Figure 3.3), where the four sides lengths area, £ 
b, c, d, respectively. And let the inscribed B 
radius of quadrilateral ABCD be 1. Since 
{ 


1 
e =b Fd m „ 
a tce 20 +b+ect+d)-1=S 43 
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we get 
H = abc +abd +acd hd 
ac (h +d) +bd(a +c) = (ac +6d)S. 
Let the bisector of AC be ¿, D and E be symmetric to the line 
l, therefore 


(a) 


AACD s2 ACAE, 
thus AE = c, CE = d, and ZE = ZD = xz — ZB, it follows that A, 


E, C, B lie on a circle, so 


(ac +bd)sina, (b) 


1 
2 


where a = ZEAB, 
From (a), (b), we know that the inequality is equivalent to 


_2S_, 2 
Sano S <2/S(S +2R?). (c) 


Notice that R = se 80 Co, is further equivalent to 


S E + PEL i * (d) 
accor ding to the mean value inequality, we get 


Ssina + BE~ 22 ee 
To prove (d), it suffices to prove 

J/2BE S. (e) 

In fact, since EAB + “ECB = 180°, assuming that ZEAB > 


90°. Applying Lemma 1 to AABE, we get = = < , and it 


follows that 
„BE >a+c-S, 
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so we have proved (e). U 


The method above used trigonometric function and geometry, and 
constructed a new inscribed quadrilateral, so transformed the 
problem. 

The inscribed quadrilateral has a famous extremal property; Of all 
quadrilaterals with given sides, the inscribed quadrilateral has the 
maximum area. 

Theorem 1, Let the four sides of the convex inscribed quadrilateral 
bea, b, c, d, respectively, and s be half of the perimeter, then the 
area F of the quadrilateral is 


F = J/(s —a)(s —b)(s —c)(s — d). (3) 


If d = 0, this is the Heron’s area 
formula for triangular. The proof below 
quotes from the book-Modern Geometry 
by Roger A. Johnson. ( Translated by 
Shan Zun, Shanghai Education Publishing 
House, 1999, ) 

Proof, Let the quadrilateral be 
ABCD, and AB =a, BC = B. CD =c, 
DA = d, see Figure 3.4. 

If the quadrilateral is a rectangle, the proof is obvious. 


Otherwise, we assume AD and BC are extended to intersect at point E 
outside the circle, and CE =x, DE = y, according to the area formula 
of the triangle, we obtain the area of CDE 


Sc = 4 V(t ry tee ty —odtse —y rea ty toe). 
(a) 
Note that AABE ~ CDE, so we have 
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therefore 


ie (b) 


aje eja 
R 


we obtain 


ztyte . +b +c +d), 


similarly, we can get expressions of z + y —c etc. 
Substitute them to (a) and simplifying, we have 


Same = m a VG DG bG Gd), ©) 


2 — q? ž 
8 


— 
oN 


substitute (c) into (b), we obtain the inequality (3). go 


Generalization. Let the side lengths of a convex quadrilateral bea, 
b, c and d, respectively, and the sum of opposite angles be 2u. Prove 
that the area F can be given by 


F? = (s —a)(s —6)(s —c)(s —d) —abcdcos*u. 


The proof of it is too tedious and insipid to be given here. But we 
can see from it that if the four sides of a quadrilateral are given, the 
inscribed quadrilateral has the maximum area. 

The example below uses the extremal property of the inscribed 
quadrilateral. 


Example 3 (Popa’s inequality). If the convex quadrilateral with 
the area F and four sides satisfyinga <6 Sc <d. 
Prove that 
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e. (4) 
Proof. By the extremal property of the inscribed quadrilateral, we 


only need to prove (4) for inscribed quadrilateral. 
F? = (s —a)(s —b)(s —c)(s —d), 


where s =F(a +b +c +d), s —d = (a +b +c) —s. By the arithmetic- 


geometric inequality, we have 


F? (3. 34) ( 3. — 3) (. Ic) c +b +c —s) 


($s ). ($s 45 ($s —Fe)+@ +b+e-s)|* 


< 
<3 7 


ö ) 


and the last step uses a <b <c. 
Thus 


t= Telegram: O math. books 


— 
IN 
m 2 
. 


The following is another typical problem. 


Example 4 (Gaolin’s inequality). Let the convex quadrilaterals 
ABCD and ABCD“ have side lengths a, b, c, d anda’, 6’, c’, d“, 
and with the area F, F’, respectively. 

Denote 


K = 4(ad +bc)(a'd’ +b’c’) — (a? —b? —c? +d*)(a®—b"—c* +d"), 
Prove that 

K >16FF’. (5) 

Proof. By the extremal property of the inscribed quadrilateral, it 
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suffices to consider the inscribed quadrilaterals, — 5 


see Figure 3.5. Since ZB + ZD = 180°, we have 
2F = (ad +bc)sin B, (a) \ 
C 
similarly KT , 
2F =(ad +bc )sinB. (b) Figure 3. 5 


On the other hand, by the cosine law, we obtain 
AC? = b? +c? +2bccos B =a? +d? —2adcos B, 
therefore 
a? —b? —c? +d? =2(ad +bc)cos B, (c) 
likewise 
a’? - c +d}? = 2(a'd’ +b'c')cos B’, (d) 
from relations (a) and (d), e 


g 
K —16FF’ = 4(ad +bc)(@'d’ +6'c’)(1 — cos(B — B’)) >0, 


Teleg 


O 
Remark, By the above proof we can write the inequality even 


as desired. 


more general 
0 <K —16FF’ = 8(ad +bc)(a‘d’ +b'c’), 


and the left side of the above inequality is Gaolin’s inequality. 


Gaolin’s inequality can be regarded as the generalization of 
Neuberg-Pedoe’s inequality for quadrilateral. 

At the end of this section, we study a much harder extremal 
problem of the inscribed quadrilateral. The solution is provided by 
Xiang Zhen (former student of the First High School of Changsha 
City, China, who won a gold medal at the 44th IMO). 


Example 5. For given radius R and area (S < 2R’) of the 
circumcircle for a double scribed quadrilateral ABCD, Evaluate the 
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maximal value of p/m , where p is the semi- 
perimeter of the quadrilateral, / and m are the 
lengths of the two diagonals. 

Answer, Let r be the radius of the 
inscribed circle, e = ZAIK , 8 = ZBIK, I 
be the circumcenter of the quadrilateral 
ABCD, and K be the tangent point of © I 
and line AB, see Figure 3.6. 


Since the semi-perimeter of the quadrilateral 


p =r(tana cot a + tan g +cot f) = (2 marie 
it follows that 
= =r [a2 2 
S =rp =r (Iz * sina): (a) 
In triangle ABD, we have E 


AB = r(tana tan g), AD =rgtana & cot p), ZDAB = x — 2a. 


Telegram 


By the cosine law yields 


BD? = r?((tana + tan 8)? + (tana + cot 8)?’ 
+ 2cos 2a (tana + tan g) (tana + cot £) | 


— . on NON. S 
á (tan 4 sin 28 ee snap)” 
Therefore 
ra BD aa 1 1 
Asim 2a ‘Zz 2a sin 28 7 sin 20 sin 28) (b) 


Denote a = sin 2a, b = sin 28, we geta, b € (0, 1], so (a), (b), 
can be written as 


§ mj 4, (c) 
ab 
R? = 1445 (d) 
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divided (d) by (c) yields 


abla +b) _ S 
1 +ab 2R? Ce 


(e) is the constraint condition of a, b. By this condition, we deduce 
the maximal value. Since 


lm = 4R?ab 
we have 


(pim)? = 64R*r?(a +b) = 16R?S?(1 +ab), 
therefore 


plm = ARS V1 +ab. (f) 
From (e), we obtain P 
£ 
© 
S ab(a st — ab+2JSab 
2R? 1125 oa a 0 
Denote vab = x, with € (0, 1], (g) gives 
4 R717. 4 -S. 21 -S <0, (h) 


Define function f(x) = 4R? + r? —S +2? —S, notice that 


f(@) =—S <0, fA) =4R? —2S >0 
and 


, S 
f CG) 20,2 >R?’ 


f'a) ., 0<2 < 


6R? 


Thus f(x) decreasing first and then increasing. 
Therefore f(x) has a unique root in (0, 1), 
see Figure 3.7. 


By (h) we see that f(x) <0, therefore, 
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Jab <t, 
then ab tz. Applying it to (f), we obtain 


plm = ARS VI Tab <4RS V1 +2’. 
Ifa =b = t, the equality holds, thus the maximal of pim is 4RS 
J1 +2", and: is the root of AR? — Sz? S =0 in interval (0, 1]. 


Exercises 3 


1. Let ABCD be an inscribed convex quadrilateral with interior 
angles and exterior angles no less than 60°. Prove that 


books 


5 | AB’ — AD? | <| BC? -CD* | <3 | AB? — AD? |, 


math 


and point out the condition such that the equality holds. 

2. Let ABCD be a convex circumscribed quadrilateral ABCD with 
area S and the circumcenter is inside the quadrilateral. The 
intersection point of two diagonals is denoted by E, and let M, N, P, 
Q be the projection of E on four sides, respectively. Prove that the 


area of MNPQ is no more than 3. 


3. Leta, b, c and d anda’, b’, c“, d’ be the side lengths, S and 
S’ be the areas of two convex quadrilaterals ABCD and ABCD, 
respectively. Prove that aa’ + bb’ +cc’ +dd’ >4/SS’. 

4. (An Zhenping) Let ABCD be an circumscribed quadrilateral 
with side lengthsa, 6, c, d. Prove that 


a*b(a —b) +b?c(b —c) Acc —d) Tdia(d —a) 20. 


5. (Groenman) Let ABCD be an inscribed quadrilateral with side 
lengths a, b, c, d. And p. is the radius of the circle outside the 
quadrilateral, and tangent to the edges AB, CB, and extended line 
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DA. The ps» per pa are defined similarly. Prove that 


F 
pa Pb Pe Pa abcd 


and the equality holds if and only if the ABCD is a square. 
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The area inequality , 
for special polygons.._- ® 


The area inequalities and extreme value problem for polygons have 
attracted much attention. 

Some area inequalities for special polygons such as parallelogram 
and triangle often appeared at middle school math competitions. In 
this section, we introduce some interesting results, and try our best to 
treat the area problems more generally. 

First, we look into the relationship of area between the 
parallelogram and the inscribed triangle in it. A well-known 
conclusion of it is; any area of the inscribed triangle does not exceed 
the half of the parallelogram area. 

The proof of this conclusion: is quite 
simple, see Figure 4. 1, just make line 
passing point Q, the apex of the triangle 
PQR, paralleling to AB, and consider the 
relations between the areas of the small 


i : : Figure 4. 1 
parallelogram and the triangle it contains. 


Now consider the opposite problem; what is the relationship of 
the areas between the parallelogram and the triangle within? The 
answer is a useful theorem as follows. 


Theorem 1. The area of a parallel- 
ogram in any triangle is no more than 
half area of the triangle. 


. 
M, M, F 
Figure 4. 2 


Proof. Considering the parallelogram 
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P PP; P. contained in a triangle ABC, see Figure 4.2. Let Ma. M3 
be the intersection points of lines P, Pr, P; P. with BC, respectively. 
Assume thatM,M, P: Pi- MMM. P; P., and M. € P;P2, M. € 
P, P., so MMM M. is a parallelogram, and 


S (MUMM M.) x: SLP PPP); 


Let the intersection point of the line M,M, with AB and AC be D and 
E, respectively. Let EF be parallel to AB, so that BDEF is a 
parallelogram, hence 


S(BDEF) >S(M,M.M;3M,) = S(P;P2P;P,). 


If we want to prove 
S(P;P2PsPs) AS; 


we must prove 


L 


S(BDEÉ) < L Saase. (a) 


am Tnath books 


gr 


Now we proceed to prove G). 


Denote 4 45 see Figure 4.3. Since A 
MDE ARC, D E 
we obtain 
Saane A S. B F € 
Similarly, RA 
Sarre = (1 —-A)? S aaec. 
Therefore, 


SE + S Aere = UA ＋ 1 —A)? JS ac See. 


Thus 
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S(BDEF) = Sime — (Sanne +Samc) < $ Sanne + 


as desired, and equality holds if and only if D, E, F are the 
midpoints. U 

The method above is a typical method of transformation, that is 
to say, the parallelogram P, P: P; P. is transformed into parallelogram 
MMM, M, of which a pare sides are parallel to the side BC, and 
then transformed into a special parallelogram BDEF whose two pare 
sides are parallel to the sides of triangle respectively, thus the problem 
has been greatly simplified. 

Let P be a point in AABC, see Figure 4.4, and D, E, F be the 
intersection points of lines AP, BP, CP with the three sides, 
respectively. The ADEF is called Ceva’s triangle to P. 
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Figure 4. 4 Figure 4, 5 


Let P be a point in AC, see Figure 4.5, and D, E and F be the 
projection of P onto BC, CA and AB, respectively. The ADEF is 
called the pedal triangle to P. 

The following are famous theorems on Ceva’s triangle and the 
pedal triangle. 


Proposition 7, Let P be the point in ABC, then the area of 


Ceva’s triangle ADEF to P is not more than FS ane: 


Proposition 8. Let P be the point in ABC, then the area of 


triangle of pedal triangle ADEF to P is not more than ISa. 
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Mr. Yang Lin noticed the relationship between Theorem 1 and 
Proposition 7, and found that the Proposition 7 is the corollary of 
Theorem 1 by the expansion of Ceva’s ABC as follows. 


Example 1. Let P be the point in AABC, and ADEF be Ceva’s 
triangle to P. Show that in AC there is a parallelogram with two 
sides of ADEF as its adjacent sides. 

Proof. Let G be the orthocenter of 
AABC, N. M be the midpoints of the 
sides AC and AB, respectively, see Figure 
4.6. Without loss of generality, we assume 
that P is at the side or interior of ANGM, 


so E, F lie on segment AN, AM or on 
endpoints of them, and a 
z 
AE „ AE 
Fe = Be? 


and without loss of generality, we assume that 
AF — AE 
FB EC 


By Ceva’s theorem, we obtain 


AF. BD. CE _, 

FB DC EA ‘ 
therefore 

BD _ AE , FB „ 

DC CE AF” .; 


We can construct the parallelogram 
FEDE’ with adjacent sides EF and ED, see 
Figure 4.7. So we need only to show that 
E lies in the interior or on the side of 
AABC. 


40 Geometric Inequalities 


Draw a line FF’ parallel to BC, so F’ lies on AC. And since 


AF AE 


FB FEC 


it follows that F’ lies on segment AE or endpoints. Because 
ZE'DF = ZEDF < ZF'FD = ZFDB, 


we see that DE’ lies in the interior of “FDB. 
Likewise 


CE 


CD 
EA 212 


"DB 
and we can also show that FE’ lies in the interior or on the side of 
ZBDF , thus E' lies in the interior of AFDB as desired. g 


Theorem 1 and Proposition 7 Fare linked by Example 1, that is 


to say 


math b 


© . — 
Theorem 1 => Proposition 7. 


A natural question is, does the: pedal triangle of the inner point P 
have a similar extension property as Ceva’s triangle? 

It is easy to see that the pedal triangle about the inner point in 
obtuse triangle does not have the extension property generally, but the 
answer is positive to the acute triangle. 


Example 2, Let P be the interior point of acute triangle AABC, 
ADEF be the pedal triangle about P. Show that in (ABC there is a 
parallelogram with two sides of ADEF as its adjacent sides. 


Proof, Let O be the circumcenter of 
ĀAABC. Since AABC is acute, O lies in 
ABC. Without loss of generality we may 
assume that P lies in OB, see Figure 4.8. 

To prove the parallelogram DFEG with 
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area is no more than L, The proof is too long to be given here. 


2. Given an arbitrary graph F, let Sp be the smallest positive 
integer n satisfying the following conditions, in the internal of F 
(including the boundary), given arbitrary n points, there exist three 


points, the area of triangle constituted by them does not exceed LEl , 


where | F | indicates the area of F. A. Soifer’s problem is equivalent 
to the following proposition. 


Proposition 9. For any triangle F, Sp = 5. 
A. Soifer further proved the following: 


Proposition 10. For any paraflelogram F, Sp = 5. 


1 math 


A natural question is this: Whether Sp = 5 holds for any of the 


graphics F or not? 3 
The answer is negative, A. Soifer proved the following; 


legra 


Proposition 11, For regular pentagon, Sr = 6. 


For any graphics F, what value can Sp attain? A. Soifer had 
proved that Sy can only take in a very small range. 


Proposition 12. For convex graphics, 4 < Sp <6, 
The further improvements of Proposition 12 are as follows; 
Proposition 13. For convex graphics F, Se #4. 


Proposition 14. For convex graphics F, Sr = 5, or Sp = 6. 
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However, an interesting open question is; What kind of convex 
graphics F such that Se = 5, and what kind of convex graphics F such 
that Sr = 6? 

The following discussion is about what kind of parallelogram or 
triangle can cover the convex polygon with area 1. We have; 


Example 4. (1) The convex polygon with area 1 can be covered by 
parallelogram with area 2. (2) The convex polygon with area 1 can be 
covered by triangle with area 2. 

Proof. (1) First let a convex polygon 
M with area 1 be on one side of the 
support line AB, there exists one point C 
in M with the greatest distance to AB, C 
may be a vertex of M or lies in the line 
parallel to AB, Connect AC $ see Figure 
4.12, and it divides M into two parts M.. 
M (if AC is a side of M, there is no M, or M2 ). Assume that points 
D, and D. are the farthest points to line AC on M, and located at two 
sides of AC. Draw a straight line parallel to AB through C, and 
straight lines /,, l2 parallel to AC, so straight lines AB, I, l, and lz 
constitute a parallelogram P containing M. 

Since M and M are convex, they contain D, C, AAD,C. 

Suppose that P divided by AC into two parallelograms P, and 


Po, so 
Sarre = ASP), She = FSP) 


with SCX) being the area of X, therefore 


SSP) = S(P,) + S(P2) 
= 2Saap,c + 2Saap,c 
< 2S(M,) +2S(M2) =2S(M) =2 


as desired. 
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(2) Let u be a given polygon with area 1, now we consider the 
internal triangle ^A, AA; with largest area. We discuss it in two 


cases. 

(a) If AA,A2,A; < 1/2. See Figure 8 
4.13, draw three straight lines passing A, eee 
vertexes of AA,; and parallel to the ae 
opposite sides, respectively. These three 8 A, 
lines constitute a triangle, denote by T, so N - LS *M 


the area of T is 2. 
Therefore we need only to prove that Figure 4, 13 
polygon u lies in T. Suppose that some 
point M of u were out of T, then the distance of M to some side of 
AAA; would be greater than that of the vertex A; of AA, A: A; to 
this side. Without loss of generality, assume this side were A, A3, see 
Figure 4.13, in this case the area of AM would be greater than 
that of AA,A2A;. That is contrary to the fact that ^A, A.A; has the 
maximum area in u. 3 
(b) If AAAA, >1/2. Thére are three 
parts of u but outside of AAA A3, see 
Figure 4.14. In each part, construct triangles 


ra 


with the largest area and one side of 
AAA, as the base. Denote these triangles 
by AB,A2A;, AB2A;A;3 and ABA, Az, 
respectively, then draw lines through B. B2 
and B; and parallel to A,A,;, A,A; and 
A,A2, respectively. Thus, we obtain a larger 


triangle C; C: C, denoted by C. We can prove that u lies in triangle 
C as case (a). 
Note that u is a convex polygon, then 


S(A,B;A,.B,A;3B;) < S(u) = 1, 


So we need only to prove that 
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Sac,c,c, < 2S(A,B;A,B,A3B;). (1) 
Since AC,C,C; AAA; in order to calculate the area of 


AC:C2C3, we denote 
Sau ,, S , Sava , 
Soνẽ,: Saa, AzA, SAA, A,A, 
it follows that 
(2) 


S 
Dien mm C : tds +1)?. 


S, 
By hypothesis Sa,,a,a, > 1/2, we have 
S +S tS 
Aa HAr HA, = SAAR Se zA 
AA, 
S@) Saz 
BAE: (3) 


and 
_ Sara, +Sasaa, +Sas,aa, Sr ll 
SAA. 


S(A,B;A2B,A;3B;) 


So, 
=A, +A, +A; +1, 
(4) 


By (2), (3), (4), we obtain 


8 
2 =A, +d. tas #1 <2, 


SAB, A: BA, B:) 


Thus (1) holds, as desired. 
Now we consider another interesting question; what is the largest 
area of a triangle inscribed in a convex polygon with area 1? The 


following examples partly give the answer. 


— 
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Example 5. (1) Let M be a convex polygon with area 1, and ! 
an arbitrary given line. Prove that there exists a triangle inscribed 
M with one side parallel to / and area greater than or equal to 3, 

(2) Let M be a regular hexagon with area 1, and / be an arbitr; 
given line. Prove that there does not exist inscribed triangle in M w 


one side parallel to / and area greater than 3. 


Proof, (1) As Figure 4.15 shows, draw 
two supporting lines /,, ¿2 of M parallel to! 
so that M lies in the zonal region and the 
vertexes A and B on the parallel lines. Let 
the width between ¿, and /, bed, draw three 
straight lines Z4, ly, l'2, divide the zonal — 
region into four small strips: with the same 


width Ład. Assume the boundary of M 
© 


intersect / at points P and Q, and intersect 
lat points R and S. (Since M is convex, its 
side cannot entirely lie on a straight line. ) 
Denote p the line on which the side of M passing the point P lies, Cii 
is the vertex, we can choose any adjacent side). Denote r anc 
similarly. The trapezoid constructed by lines H, q» dy and /; has a: 


g * RQ. Similarly, the trapezoid constructed by lines r, r, % and ¿2 
area g « RS. Since the union set of T, and T, contains M , so we have 


d 


S(M) <S(T,) +S(T2) = g 7 


88 27 HRS. 


Now we consider two triangles AARS and ABPQ, and we fi 
that they are both triangles inscribed in M, and 


8 2 Es · 4. Sasa 27 · 44. 


therefore 
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Sars + Sappa = (PQ KRS) 84 - +(PQ +RS)+ 34 
3 _3 
=> 4 9M) ae 
so at least one of the following inequalities holds; 
S aars = 4, S => 2. 


(2) Let M be a regular hexagon 
ABCDEF , andi || AB, see Figure 4. 16. Let 
APQR have the largest area inscribed in 
M, and PAB. Without loss of ¢ 
generality, we assume that P and Q be in 
FA and BC, respectively, it follows that R . 
must be in DE. Let the sides of regular 
hexagon equal one, and write AP = BQ = Figure 4. 16 


a, so we obtain é 
Pa = Ab + PG +QH 
4444 
irie, 
and 
h(PQR) = RS -AG = 43 ~ 23 
- , 
thus 


Saro = iqa +a)(2—a) 8 


t — 
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From this we see that if a = 1/2, the area of Sara is the largest, and 
9/13 


(Sor = = 
but the area of regular hexagon is 


6S(OAB) s- , 


with O the center of regular hexagon. 
This shows that the largest area of triangle inscribed in M with one 


side parallel to a given straight line J is 35M) , so the claim holds. LE. 


Exercises 4 


ok 


1. Let the circumradius of an obtuse AAABC be 1. Prove that 
AABC can be covered by an isosceles triangle with hypotenuse length 


/2 +1. 8 

2. If a convex polygon M cannot cover any triangle with area 1, 
prove that M can be covered by a triangle with area 4. 

3. (Li Shijie) Let D, E, F be points on sides BC, CA, AB of 
L\AEC respectively, different from vertexes A, B, C. Denote the 
area of AABC, AAEF, ABDF, ACDE, ADEF, by S, S., S2, 
S3, So, respectively. Prove that 


So 2% , 


the equality holds if and only if AD, BE, CF intersect at a point in 
AABC, 
4. Show that, it is impossible to put two non-overlapping squares 


legra 


with side length more than , / $ in a square with side length one. 
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5. Given any n points on plane, and any three of them can be 
formed a triangle. Let u, be the ratio of largest area to the smallest 
area of the triangles, find the minimal value of us. 
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Linear geometric 
inequalities — 


Many linear geometric inequalities give us the impression; simple but 
unusual, easy to be remembered. The proof of them is either ordinary 
or difficult. Most linear geometric inequalities in math contests are full 
of challenge. 

Erdés-Mordell’s inequality is the most famous one of linear 
geometric inequalities which we introduce here first. 

Example 1 (Erdés-Mordell’s inequality). Suppose that point P is in 
AABC. Let PD = p, PE =q, and PF =r be distances from P to the 
sides BC, CA, andAB, respectively. Let PA =z, PB =y, PC =z, 
then 7 


s+yt+2220 ta tr) (1) 


The equality holds if and only if AABC is equilateral and P is its 
center. 


The following are five proofs to the 
inequality. Proof 1 is simple and widely 
cited, which was given by L. J. Mordell in 
1937. 

Proof. 1. Since ZDPE = 180° — ZC 
(see Figure 5.1), by the cosine law, we get 


DE = y p? E +2pqcosC 
= y p? +g? +2pqsinAsin B —2pqcos Acos B 


Figure 5, 1 
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= /(psinB +qsin A)? + (pcos B —qcos A)’ 
sin B +qsinA) 


= psin B +qsin A. 


Since P, D, C, E are on a circle, the line segment CP is the diameter 
of the circle, so 


similarly, 


z > (Sna) (an ). 


y (524), + (526). 


sin B sin B 


Adding above three inequalities together, we get 
| 


sinB sin C 
sin C h sin É) 


>2(p +q +r). 


(ua sine (80 4 snd), 


> - : : : 
zatyte ( sin C sin A sin A sin B 


Telegram: math 


U 
The following Proof 2 is given by Mr. Zhang Jingzhong, who 
applied the method of area subtly and concisely. 
Proof, 2, Make MN through P such 
that ZAMN = ACB, then AAMN Y 
L\ACB. (See Figure 5.2.) 


We have 
AN _c AM_ 6 
N a’ MN a 
Since 


S AAMN — S Aamp + SAAnp » 
we have 


AP. MN >q "AN +r » AM. 
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So that 
= AN . AM 
x = AP >q MN Hr MN: 
Namely 
2 S 0 ter, (a) 
Similarly 
a 2 
n (b) 
3 2.542 (c) 
e c 5 


Adding up inequalities (a), (b), (c), we get 


eee teje +5) 
2209 +q +r}. 


Telegram 


0O 


The following method of symmetric point has been noticed by lots 
of people. Here we adopt Mr. Zou Ming’s proof, which is concise and 


comprehensible. 


Proof. 3. Let the point P’ and P be 


A 
symmetric to the bisect of 7A (see Figure 
5.3), then the distances from P’ to CA, / IS 


AB is r, q, respectively, and PA = * 
1 aN 
Let the distance from A, P’ to BC be 2 


hı, r’, respectively, then 
P’A +ri= PA +ri Èh, 
multiply by a on both sides, we have 
a » PA Har! Zah, 
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= 2S nasc 
=ar,+cq +br. 
So that 
> £ 8 E 
E r. r 
similarly 


ye tortie, 
b 
roe r 


Adding up above three inequalities, we get 


z+y+tz>p($ +2)+9(£ +2 )+r/ 
>2(p +q $r). 


a jo 


oO 
The following proof has begn noticed much early. The key to the 


proof is to consider the bisectors in the triangle and applying the 


embedding inequality. 


Proof. 4. (See Figure 5.4.) Denote “BPC = 
2a, ZCPA = 28, ZAPB = 2y. Let their 
bisectors be was wp» we respectively. We only 
need to prove the following stronger inequality 


zrtyt+z2 >2(w., tws twe). A EN 


By the formula of angle bisector, we obtain B C 


2yz 1 
= —— — < 
. 75 2008 3 ZBPC <S V yz cos a. 


Similarly 


ws V cos B. 
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we SV TY COS Y. 


Since a +8 +y =x, by the embedding inequality, we conclude that 


20 ] Hwe tw.) <2(V cos a + V cos ß + v zy cos y) 
<z ty +z. 


U 
Kang Jiayin, told me the following proof when he was in Grade 2 
of Shenzhen High School. He was elected for National Team in 2003. 
Proof, 5. (See Figure 5.5.) Make DT, | 
FP, ET: L FP, the feet are TI. T2, 
respectively. 
Since 


DE > DT, +ET >, DT, — psin B, 


ET: =qsinA, E 
| 
we have 5 
E 
— DE pain B +qsinA 
sinC Sin C 
sin B sin A 
= +q | 
p sin C 7? sin C 
Then 
K e 


= PA + PB +PC 

sin B sin A sin C sin B sin A sin C 
> (P ing 4 m C) +4 i a n n 
Be sin A sin C sin B sin A 
= (Sac K ain B) (eint +9 n A) Tr ( nA sinB) 
>2(p +q +r). 


O 
Remark, There have been lots of results about the Erdös-Mordell's 


inequality. Its generalization on plane is easy, which had been finished 
early by N. Ozeki and H. Vigler. Later it was rediscovered by others 
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many times. While its generalization in space, especially in n- 
dimensional space, is difficult. As far as I know, the ideal result has 
not been obtained. 


Example 2, Denote a, b and c the three sides of AABC, then 
ha +m, +t. <ia +b +c), (2) 


where ha,» m, and t, are the altitude of BC, the mid-line of AC and the 
bisector of C respectively. 
Proof. (See Figure 5.6.) Consider the 
bisector t, of ZA instead of altitude h,. 
We are to prove a stronger inequality; 


t. +m, tè S <La bc). (a) 


g C 
In order to prove (a), it suffices to prove a 
E Figure S. 6 
partial inequality 5 
8 
m., +2t, < < Be +20). (b) 
If (b) is true, similarly we have 
m, +2t. S G ＋ 2). (c) 


Adding up (b) and (c), we obtain (a). So we need only to prove (b). 
By the formula of angle bisector, we have 


2._ 4 ,. Z 
— (bh +c)? bcp(p —a) 
i (d) 
< p(p ) = g +c)? -a). 
Notice that 
mi = 4 (2a? +2c? — 62). (e) 
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By Cauchy’s inequality and (d), (e), we conclude that 


m. +2t. < In +202) 
<,/2 (2a? + 6 +2(b +c)? —2a?) 
which is (b). go 


Remark. (1) Carefully observing various proofs of Examples 1 and 
2, we assure that it is a common technique to consider a part of linear 
geometric inequality. The aim of various proofs of Example 1 is to 
obtain the part of inequality 
z dig tàr. 
Ai» À2 are nothing to do with the moving point P. While in 
Example 2 we obtain the result by find the local inequality 


my + 2t, <2 o t20). 


(2) In Example 2, we make stronger proposition by consider the 
angle bisector instead of the altitude. This useful technique is adopted 
in Proof 4 to Example 1, which will be adopted again in Example 5 of 
the last chapter “Tetrahedral Inequality”. 


Example 3, Given an acute triangle ABC, Denote R., hs, A. the 
altitude of sides BC, CA, AB, respectively, and s the semi-circumference. 
Then 


- max{has hy, he} Ss. 
Equality holds if ABC is equilateral. 


Proof, If AABC is not equilateral, the problem can be changed 
into a problem for the isosceles triangle. 
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In fact, if ZA > ZB > ZC, then ZA > 
ca and h. >h, > ha. Denote h the longest 


altitude h. (see Figure 5. 7). Extend the 
shortest side AB to D with AD = AC and link 


CD. If /3h > s holds for isosceles AACD, 
then it holds for general acute triangle. 


We first prove /3h > s for the isosceles 
triangle. Since 


pn AE Ach. CD =2AC- sin 4, hm AG «sinh; 


we conclude that /3h > s is equivalent to 


„ein A S1 ＋ n g (J <A <4), (a) 


E 
Denote x = sin A then 255 zz 2. (a) changes into 


122. — 1142 +27 +1 <0. 


elegra 


Namely 
(22 —1)(x +1)(6z? — 3x — 1) <0. (b) 


Notice that the range of variable x, it is easy to see 2x — 1 > 0, 
x +1 >00, 627 —3x —1 <0, so that (b) follows. 0O 


Remark. The technique of change the general triangle into 
isosceles triangle is worthy to be noticed. It greatly simplifies the 


problem. 


Example 4 (Zirakzadeh's inequality). Suppose that points P, Q, 
R lie on three sides BC, CA, AC and trisect the perimeter of 
ABC, then 


QR +RP +PQ 2> = (a +b +c). 


t — 
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Proof. We adopt the following projection method to produce a 
part of linear geometric inequality. 


(See Figure 5.8.) Draw two lines from 
points Q and R perpendicular to line BC, the 
feet are M and N , respectively, then 
QR > MN =a — (BR + cos B +CQ * cos O). 


Similarly 


RP >b —(CP «+ cos CAR. cos A), 
PQ >c — (AQ cos A +BP » cos B). 


Figure 5, 8 


Adding up above three inequalities and notice that 


AQ +AR = BR+BP =CP +CQ = +(a ah deeds 


books 


we have, 


QR RP +PQ > F(a +6 +%)(3 —cos A co B cos C). 


Telegrangl@ math 


by 
cos A cos B +cosC <3, 


we conclude that 


QR +RP +PQ > F(a re a, Y 


5 
Remark. The above beautiful answer was given by Mr. Yang 


Xuezhi. This problem ever caused extensive discussion. 


The following difficult problem of Example 5 was found and 
proved by Mr. Wang Zhen. 


Example 5. Suppose that I, G are the incenter and the barycenter 
of AC, respectively, then 
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Al + BI +CI < AG +BG +CG. 


Proof. Denote BC = a, AC = b, 4 
AB =c. Without loss of generality, we 
may assume that a >b > c. (See Figure 
5.9.) We will prove that G must lie on C. 


Firstly, we will prove that G can not Pn 


lie in AAIB. Otherwise suppose G were in 5 > 
AAIB, then Figure S. 9 


Saam < Smm. 


Notice that 


1 S aarp 0 1 
„ Z — = — — —ͤͤ —½—iꝑ * ant | 
S 3 Sc S à atete = 3 
we obtain F 
| 
J E ` z= 
Saab S FS aac Sn. 


Telegra 


It is a contradiction. 
Secondly, we prove G cannot lie in HAC. Otherwise suppose G 
were in AC. Suppose that CI intersects AB at T, and CG intersects 
AB at L, then AT AlL. 
Notice that 


therefore 


AT < SAB ETTA 


It is a contradiction. 
We conclude that G lies on IC, furthermore G lies on the right 
side of AI. Let be the supplementary angle of AIG, then 0 <@ < 


8 — We have 
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AG > AI +Glcos 0. 
Similarly 
BG > BI +Glcos(90" +E -0), 


A +C _ 9), 


CG 201 GIcos( 


Therefore 
AG + BG +CG — (AI + BI +CI) 


> GI (cos 4 + cos(90° | 7 0 —cos(4 it 0) 


= GI (cos 4 — 2sin B EC eos( 5E +0) ). 


Notice that 


© Telegram:@m 


> 
WV 
D 
| 
3 


AG + BG +CG >AI +BI +CI. 


Exercises 5 


1. Let G be the barycenter of AABC. AG, BG, CG intersect 
circumcircle of AAC at points A;, Bı, C,, respectively. Then 


GA, +GB, +GC, >GA +GB +GC. 


Equality holds if and only if AABC is equilateral. 
2. For given four points in a convex quadrangle, show that there 
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is a point on boundary of the quadrangle, so that the sum of distance 
from the point to vertexes of quadrangle is greater than that of the 
distance from it to four given points. (A problem of St. Petersburg 
Mathematical Contest in 1993.) 

3. Suppose that ABCDEF is a convex hexagon, and AB || ED, 
BC | FE, CD | AF. Denote Ra, Rc, Reg the radius of circumcircle of 
AFAB, ABCD, ADEF respectively, and p is the perimeter of 
hexagon, show that 


Ra +Rc TRR > 


nje 


(A problem of 37th IMO.) 
4. (Cavachi) Suppose a is the longest side of convex hexagon 
ABCDEF , andd = min{AD, BE, CF}, then 


< 2a. 


5. (Zhu Jiegen) Suppose that I is the incencer of ARC. Denote 
rı» Tay r, the radius of inscribed circle of AIBC, AICA, AAB, 
respectively, show that z 


th Pook 


3/3 (2 —/3)r <r, +r. +r , 


where r, R are the radius of inscribed circle and circumcircle of 
ABC, respectively. 


Chapter Ó Algebraic methods 


— — 


So far the methods we used are mostly of geometric and triangular. In 
this section we mainly introduce the algebraic method. 

It is convenient to construct algebra identities to prove some 
distance inequalities. The following typical inequality was given by 
M.S. Klamkin at his early times. 


Example 1, On a plane, there is a AC and a point P. Show 
that 8 


th_b 


a+ PB » PC +b » PC » PA +c » PA » PB S abe. 


Proof. We consider the plane as a complex plane. Let P, A, B, 
C correspond to complex numbers z, zı», z2, za respectively. Define 


: Ge ~ 23) ~ ey) Ge 21) ~ 22) 
(21 — z) (zı — 23) (22 — 230 (z: — 2) (zs — 210 (z — Zz) 


then f(z) is a quadratic polynomial of z. Notice that 
FG) = fz.) = f(z) = 1, 
hence f(z) = 1, So that 
PB+PC , PC+PA , „ 


bc ca 


fa) = (z — 22) (@ — z3) (z — 23) (z — 4) 


(z —z,)(z —z,) 
(z, — 210 (z — 220 


(z — 2212? 
(22 — 230 (22 — 10 


112 
(z; — 220 (2; — 230 


> | f(z) | =1. 


U 
The following interesting problem was proposed by Tweedic. 


eee 


BC, AEC are equilateral triangles on 


Example 2. Suppose AA 
then the sum of any 


the same direction of vertex array» 


a plane with 
„ BB’, CC’ is greater than or equal to the 


two of line segments AA 


third one. 

Proof, (See Figure 6.1.) Since AABC, 
ABC“ are similar and with the same 
direction of vertex array, then 

(21 210022 230 + (22 220(23 ~ 210 T 


(z z3)(z z2) = 0, 


where A, B, C correspond to complex 
bers Zi» Z2% Z3} A“, B’, ce correspond 
By the 


num 
to complex numbers zis 14, £3 
property of complex norm, we get 


zi lel 22 s |+| zh rz lel 23 2 l (21250 (21 — 22) |. 


Notice that AABC is equilateral, so that 


| z2 — z3 | =| 23 — 21 | =| z1 — 22 


Therefore 


Izi- z |+] 22-22 | Sl 23-25 l. 


ooks ™ 


Namely 
. 
| 

AA’ + 8B’ >CC’. 
È 


Similarly we can get the other two inequalities. 


gra 


Now we recall a simple preposition in 
plane geometry: three positive numbers 4 
b, c can be three sides of a triangle if and 
only if there exists three positive numbers x, 
y, z such that a y +z, b=xz+tz,c 
x+y. (The sufficiency of this conclusion 
can be verified directly. Decomposition of á 
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Figure 6. 2 shows the necessity. ) 


instead of inequality of triangle sides a, b, c by the identities z = 


By this conclusion, we can consider the inequality of x, y» Z 


-a ö Tc, y =a—b-—c, z Zac. 


The solution of following question in the 24th IMO is a typical 


application of the above method. 


In AABC, show that bc —c) +c?aCec —a) +a*h(a —b) . 
A concise proof using the above method is to use the inequality: 


2 y? 2 
(= * ＋ 00 +z+z) >(atytz)’s 


Y, z such thata = y +z, b E = F es 
x +y. (The sufficiency of this conclusion 4 - ro C 
can be verified directly. Decomposition of 6.2 
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Figure 6.2 shows the necessity. ) 

By this conclusion, we can consider the inequality of x, y, z 
instead of inequality of triangle sides a, b, c by the identities z = 
—a +b +c, y =a —b—c, z =a +b c. 

The solution of following question in the 24th IMO is a typical 
application of the above method. 

In AABC, show that b?°c (b —c) c, —a) +a°bla —b) >20. 

A concise proof using the above method is to use the inequality: 


2 
(= +2 500 TZ T) >(at+y+z)’, 
y z T 2 
by Cauchy inequality. The detail ‘answer can be seen in any IMO 


tutorial book. 8 
The following problem is a bit new. 


Telegr 


Example 3. Denote r,, „ re the radius of escribed circles 
corresponding to three sidesa, b, c of HAC respectively, show that 


a? b? 2 
— — — — — > 
ri +17 x tr re tri * 


Proof. By the substitution 
x -a Tre. y =a—b+c, z =a +b—c, 


so that x,. y, z >0. Notice that 
S nasc -ivG +y +z)xryz, 


2S 1 
Ta 5 “ae VG +y Fz)zyz, 


and so on. The original inequality is equivalent to (after calculating) 
the following algebraic inequality. 


y r ly tz) 2 +2)? L ＋ 


P +e E a et ET > 2ryz(xz +y +z). 


(a) 
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Proof. We establish planar Cartesian 
coordinate system by taking the line BC 
for x-axis and the line of the altitude 
passing A for y-axis (see Figure 6.4). 


Px, y) 


The coordinates of A, B, C are 
(0, a), (—6, 0), (c, 0) (where a, b, 


00, then Figure 6. 4 
tan B , tan C= A., 
b c 
tanA =—tan(B +C) = 20 Fc) +c) 
a? —be 


By ZA is acute angle, we have a? —be > 0. 
Suppose the coordinate of P is (2, y), then 


u*tanA +v’tan B tan & 


4710 to 


[T +(y— the +b)? ITL -e) +y?] 


= (2? +y? +a? e 2D eb telez ty? +c) 


ic be 
=b +c) faz: — 5e 2 
bcla? 5 L (ay — bc)? +2be(a® —bc) J 
> ab +e) , 2 
NEN 2c (a? —bc) 
=2a(b +c) = 44A. 


From above proof, we see that equality holds if and only if 2 = 0 and 
y =bc/a, namely, P is the orthocentre (0, bc/a) of ABC. o 


The discovery and construction of algebraic identities is the most 
basic method to find and prove geometric inequalities. 


Example 6. Leta, b, c be three sides of AABC, respectively. a’, 


b’, c’ are three sides of ABC“. S = F and Se = F.. 
Suppose that 


Page 70 is not part of this book preview. 
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Let (b), (c) be multiplied by @ and 1 — @, respectively, then adding 
them up together, we have 


H > 8| ar” (yr | (a) 
y * 
It is easy to see 
242251. 
H v A 


Then by (d), it follows that 
, 1 
H >8(aF” +—F*), 


— 

Remark. It is the key difficulty to find algebraic identity (a) in 

above example. This example given by Mr. Chen Ji is a strengthened 
form to Neuberg-Pedoe’s inequality. 


Telegram:@m 


Exercises 6 


1. Let p be any point in acute AABC, then 
PA+PB+AB+PB+PC+BC + PC » PA » CA SAB » BC -· CA. 


Equality holds if and only if P is the orthocenter of AAC. 

2. To make two squares ABDE and ACFG outward with sides AB 
and CD of AABC , respectively. BP | BC, CQ | BC, the feet are P, 
Q, then 


BP +CQ > BC +EG. 
Equality holds if and only if AB = AC, 
3. Let P(z) be correspond to complex number z on the complex 
plane. Complex number a = p +ig (p, q E€ R). P(2),..., Pes) 


are the vertexes of convex pentagon Q. Furthermore, the origin and 
P(az;),...» PCazs) lie in the interior of Q. Prove that 
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p % bn g Si. 


4. Suppose that a, b, c are three sides of ABC, and h., hy, A. 
are altitudes corresponding to a, b, c, respectively, and r., rs», 7. are 
radius of escribed circle corresponding to a, b, c, respectively. Prove 
that 

al + 20 + 22) Ae å + sin? 2 sim £), 
Equality holds if and only if ABC is equilateral. 

5. (Wen Jiajin) Suppose that AD, BE, CF are the angle bisectors 
of ABC. The square roots of the distances from the moving point P 
within the AAC to the three sides are the lengths of sides of a 
triangle. Prove that. 

(1) The orbit of P is in the interior of a ellipse . And I is 
tangent to the three sides BC, AB, AC of C at points D, E, F. 

(2) The area Sy of F satisfies 


legram: @ 
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Isoperimetric and 
Chapter ‘7 extremal value problem 


All kinds of isoperimetric problems in any space seem to be one of the 
permanent subjects in geometry studying. Isoperimetric theorem 
indicates that several special geometric graph in plane geometry, such 
as circle, regular n- gon. That special properties of them are very 
spectacular. There are several isoperimetric theorem which are usually 
used in high school mathematic contents. 


Theorem 1 (Isoperimetric Théorem 1). Of all plane figures with 
given circumference, the circle has the largest area. And of all plane 


figures with given area, the circle has the least circumference. 
S 


@ 


Theorem 2 (Isoperimetric Theorem 2). Of all plane n-gons with 
given circumference, the regular -gon has the largest area. And of all 
plane n- gons with given area, the regular n- gon has the least circum- 
ference. 


m 


Let a. a2; .-.» a, be the side length of a n-gon with area F, 
then the following isoperimetric inequality is inferred from 
Isoperimetric Theorem 


(Ta.) > 4ntan = e F. 
1 1 n 
Equality holds if and only if a, = az — = an. 


The following Theorem 3 is a generalization of extremal valuc 
properties of inscribed quadrilateral in a circle in Chapter 3. 
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Theorem 3 (Steiner’s Theorem). For all of n-gons with given 
sides, the one with a circumcircle has the largest area. 


RR ¹w-- m fof tt 5... 2h. — = 


= x 
(Za) > 4ntan ~~ „F. 


Equality holds if and only if a2 5 an 
The following Theorem 3 is a generalization of extremal value 


properties of inscribed quadrilateral in a circle in Chapter 3. 
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Theorem 3 (Steiner's Theorem). For all of m-gons with given 


sides, the one with a circumcircle has the largest area. 


Theorem 4. Of all inscribed n-polygon in a circle, the regular n- 


gon has the largest area. 
Leta, a2, . 4, be lengths of sides of inscribed n-gon in a 


circle which radius R, then by Theorem 4, we can infer that 


equality holds if and only if a = a25 * = an. 

Firstly, we discuss several simple examples. 

= 

Example 1, Let r be the radius of a circle. / be the tangent line of 
the circle through a given point P. Through a moving point R in the 
circle, make a line RQ perpendicular to / with intersection point Q. 
Try to find the maximum area of APQR. (The 13th Canada’s 
mathematic problem. ) 

Answer. (See Figure 7. 1.) 

Notice that OP || RQ, make a line RS . S 
is the intersection point with O0. Join with 
PS, it is easy to prove that 


> lie 
Sapar = 2 Saris. 


By Theorem 4, if inscribed triangle APRS Figure 7. 1 
in a circle is regular, then max (Se = 3/3 ,2 f 
so that S = mie, 


The next Example is a familiar problem. 
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Proof. Reflect Q on the longest side to b 
form a hexagon (see Figure 7.4). 

(In some special cases will form 
pentagon or rectangle, but the proof is 
similar.) Since the circumference of this 
convex hexagon is a given value 2(a +b +c), 
the area 2F of the hexagon satisfy Figure 7. 4 

2 
2F < — (atbte te), 
by Isoperimetric Theorem 2. 
Applying a. b <c, we obtain 


5 o 
Remark, From the above method. we can generalize Popa’s 
inequality to n-gon. (Refer to problem 5 under Exercises in this chapter.) 


Tele 


By the above method, Ms. Zhang Haijuan and the author 
construct an inequality about two n-gons as follows. 


Example 4. Let N,» D: be two n-gons with areas F,, F and sides 
ai Sa. S*** Sa, <a,and b, <b, S <b, i 2 6, respectively. 
Show that 

F, F aA A 
a? ay <. = ( ' ) i 

Proof. Let A, A, be the longest side of 
Q,. Taking A,A, as one side, construct a 
polygon Q’,~ N, and N'2, N, locates on 
different side of A, At. The longest side 5 
BB“, of Nh superposes A. A. (See Figure 
7:5.) 


Figure 7. 5 
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LetQ = N, U N2, then the circumference of N is 


D (ai +o i) 


i=j 


and the area is F, +$ arp, 


b? 

Let A., ZA, and B., ZB, be two angles of Ni, Q2, 
respectively, while the longest side A, A;, B, B. belongs to Ni» N2, 
respectively. Let another sides of A.,, ZA; beas, a; respectively 
and also another sides of B., 7B, are bU,, b'r respectively. 

If ZA. ZA; and ZB., ZB, are not supplementary angle, 
respectively, then the sides a+, a, and b’y, 5“ are not in a line, 
respectively. Then i is a 2(n — 1)-gon. Applying isoperimetric 
inequality (Theorem 2), we obtain 


nazi 2 
(S6, 559.) P 
F aip, < i=l © “s 
i TH 8(n = 1) 2(n —1) 
E : : 
(o- Da +(n—1) Sibna) N 
= 80 1) n 
a 2 
7 (a. T jibe) nee x 
8 2(n—1)’ 
namely, 
Pig wo asai bay e cot. 
at 7 3 (= = + b, j cot 215 (a) 


If the supplementary angle of A, or ZA, is 7B, or Bi, thenQ 
is a (an- 3)-gon. If the supplementary angle of ZA,, 2A; are CB,, 
ZB,, thenQ is a 2(n — 2) gon. With the same discussion as above, 
applying isoperimetric inequality, we obtain the following results 


i (n — 12 41 5.— , * 
a 3 31 + g) * cot (b) 
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Hence 


Sta? =2 Sia —2 Sammel. 14 =}. (a) 
11 


imi 


By the Cauchy inequality and isoperimetric inequality, we have 


Sta? >t 1 (dai)? Fun *, (b) 


imi 


By (a) and (b), we conclude 


2. > 2Ftan + Oriol. +=) 
izi 


i=1 n 


E auen ) unn Z eM. — 01 


121 


* 
* 
= sec — $ riin | si 
n 1 


ple HJE b) 


ath book 


n 
c 
9g e — Zitos g. 
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Remark, (1) Ozeki's inequality was proposed by N. Ozeki when 
he generalized the famous Erdés-Mordell inequality to polygon. The 
related results about it could refer to N. Ozeki “On the P. Erdés 
inequality for the triangle”, J. College Arts Sci. Chiba Univ, 1957 
(2) ;247-250. This inequality was recovered by Lenhard in 1961. 

(2) Ozeki’s inequality is a generalization of triangle imbedding 
inequality to polygon. It can be generalized to 3 and n- dim spaces. The 
results for tetrahedron are as follows: 

Let % (1 <i <j <4) be inside interfacial angle of tetrahedron Q, 
then for cach real number z;, ...» z4, we have 


4 4 


Dei 22 xc dy. 
i=] 12 = 


Other generalizations and related results could refer to the articles of 
Mr. Zhang Yao and the author (Linear Algebra and its Applications, 
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1998278). 

(3) Using the above methods in the proof, we can prove the 
following algebraic inequality: 

Suppose that z, y, z 2 0, then 


(z? TT +y?)(y? +yz +27) (2? +22 +27) > (zy +yz T). 


The proof is left to readers. 


Exercises 7 


1. Among all of triangles with given side BC and its opposite angle 
a. Show that; 

(1) The isosceles triangle with base BC has the largest area. 
(2) The isosceles triangle with base BC has the largest circumfer- 
ence. 2 
2. Two equilateral triangles inscribe a circle of radius r. Let K be 
the area of overlap section of two triangles. Show that 


2K > ,. 


3. Of all quadrilaterals which three sides each with length 1 and 
one angle 30°, please find a quadrilateral with the largest area. 

4. Let P be a inner point of convex n-gon A: Az A, and the 
distance from P to each side A,A,, A2A;s,..., A,A; are di, d 
di, respectively. Show that 

2 z > 2ntan Pi 
where a; AA (Arn = A;), and give the necessary and sufficient 
condition for equalities hold. 

S. Let a convex n - gon in a plane with area F satisfy a; <a, S < 
a,» show that 


F< a: 
2x 


Embed inequality and 


Chapter & inequality for moment 
of inertia 


books 


Embed triangle inequality (called Embed inequality in short) plays an 
important role in research of primary geometric inequalities in recent 
years, which is a source of ‘generating geometry inequalities. Embed 
triangle inequality can be read as follows. 


Theorem 1 (Embedding Triangle Inequality). Suppose that A + 
B +C = (2k +1)x, z, ys z SR, then 


x? +y? +2? >2yzcosA + 2zxcos B Zs C, (1) 


equality holds if and only if x = sin A sin B : sin C. 
Proof. The difference of two sides of (1) is (E —ycosC —zcos B)? + 
(ysin C — zsin B) 20. o 
By the facial meaning, the geometric explanation that inequality 
14y aallad io ENA A R. and for arbitrarily real number z , 
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equality holds if and only if z % sin A: sin B. sin C. 

(3) (x ty +z)’ > 4(yzsin’°A + si B + ysi C), equality 
holds if and only if xz : y : z sin 2A: sin 28 sin 20. 

Proof. (1) It can be proved by applying double angle formula 
cosA = 1 — 2sin?(A/2) to (1). 

(2) It can be proved by applying double angle formula cos A = 
2cos*(A/2) — 1 to (1). 

(3) It can be proved by applying half angle formula sin? A = (1 — 
cos 2A)/2 to (1). U 

Remark, Applying sine law to (3), we can get: in ABC, A, , 
v € R, we have 


AT +v)?R? > pma? + ab? Aue 


(A +y +u)’ (abc)? > 16 e + Apc?) (2) 
in (2) letA = 2a*, p = yb*, v Sc, £, y, ER, we have 
(xa? + yb? + 2c?)? S164" (xy +yz +zz), (3) 
equality holds if and only if 5 


À t p tv = (b? +c? —a@?) ( +a? 62) (4 +6? —c?), 


Inequality (3) has wild applications, it often appears in the study 
of the elementary geometric inequality (for example Mr. Shan Zun’s 
“Geometric Inequality”. Shanghai Education Press, 1980). 

There are other researchers who also obtained some algebra 
inequality more general than (3) as follows. 


Example 1. Assume that there are at least two positive number 
among A;, Az and às, and satisfy 4142 + A2A3 HAs O, , „, zare 
arbitrarily real numbers. Show that, 


(At 4 A2y +Asz)? 
> (A142 ＋A24; AAN + 2yz ＋ 22 — r? — y? — 229 


equality holds if and only ifz/Qa2 +å3) = : +à) =/ A +A2). 
Answer 1. Applying embedding inequality. Since there are at least 
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two positive numbers among A:; A2, As» and A: (Az +A3) +A2A3 >0, we 
obtain A, +A; . Similarly we can get A, A2 O, A; +A; >0. 

Suppose thatA; +A2 =c?,A2 HA; a7, A; HAs =b? (a, b, c > 
0), then 


Ai = 205 +c? —a?), à: = Lea +c* — b), A, = (a? +6? —c?), 


By A142 +A2A3 HAs, > 0, we can get 
(a+b +c)(a —-b +c)la +b—c)(—a +b +c) >0. 

Thus, a, b, c can form three sides of a triangle, say AABC. We 
can get that the primitive inequality 
e Saiz? +2>) ardazy > (XAA) TY +2yz T2 — 2? — y? 22) 
Deda: TAG, > DAA 22) 
5 > e +2zz) 
© >) (ach)? > >) yea? (b? +e —a’), (a) 
In fact, by embedding inequality, we can get that 

>) bc? > 5) 2Cyca)(zba) + cos A 


= E Xyca) (zba) · PH a 


Dora (b +c? —a?). 


This is formula (a). Therefore the primitive inequality holds. 
Equality holds if and only if 


2 _ sac zab 


sin 4 sin B sin C 


8 . 
m  sinB AC 


* z 
& T = = 5 
A2 +A; Ài + As Ai +Az2 
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Answer 2. Discriminant Method. By the same method to the 
previous, we obtain à2 +A; >0, A; A2 O, A; FA; > 0. Now, the 
primitive inequality equivalent to the statement that 


(A; +A2) (A, +A;)z? 2 Q ＋ 420 ＋4201 AZ I * 
[OAs TA20 G2 TA GAA: LA Z22 — 2102 +A3)yz] >0. 
The expression on the left side of the previous formula is a quadratic 
function with respect to z, whose coefficient of the quadratic term is 
positive. 
As0 
that is 
a +A2)?y? . HAD’? ,d +A2) Ai +s) yz 
< Cr HA2) Ai HAEA: +A2 FAs +Aad 9? + Qi HA3) As +A2)2? — 
241 (As +A) yz] 8 
& (Aiia ＋ A243; HAA DCA: A209 1 +A;)z} >0, 


@ mat 


which holds by the conditions of the problem. Thus, the primitive 
inequality follows immediately. And equality holds if and only if 


-d z 


A1 TA Ai +à? 


A. ＋ 420 = (idaz © 


By the symmetry of z, y, z, we can see that equality holds if and 
only if 


Zz y z 


À2 +As Ai As Ai +A, 


U 

The Answer 1 of Example 1 was provided by student Xiang Zhen. 

The Answer 2 was by Mr. Huang Zhiyi (the former student of the 

High School Affiliated to South China Normal University, who won a 
gold medal in the 45th IMO). 

Next, we will introduce applications of the embedding inequality. 
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Proof. First we consider the case that P 
is in ABC. Draw three lines from the 
vertexes A, B and C of HAC perpendicular 
to the segment PA, PB and PC, respectively, 
see Figure 8.1. The three lines are crossing 
pairwise at A’, B’ and C’. So, ZBPC = x — 
A’, ZAPB -C“, ZAPC =x—B’. By 
cosine law, we can get that 


2 = y? +z? +2yzcosA’, 
b? = x? +z? +2rzcos B’, 
c? =z? + y? +27rycosC’. 
Adding up and using the embedding inequality, we obtain 
a? +b? +c? = 2(2? +y? +2?) As C + 2xzcos B’ Ayr cos A’ 
S2 +y? +27) (x? + y? +27) 
= 3(2? +y? +27),8 


— 


leg 


as required. For the case that P is on the side of HBC, the proof is 
similar and is left to the reader. O 

We will prove inequality of weighted sine sum, which is a useful 
inequality set up by Mr. Yang Xuezhi in 1988, by the embedding 
inequality. 

Theorem 3 (Inequality of weighted sine sum). For arbitrary real 
numbers z, y, z, arbitrary (ABC and positive numbers u, v, w, we 
have 


2 2 2 
2(yzsinA sin B +zysin C) < r Juw +wu +uv. 
2 u U wW 


Equality holds if and only if x : : z = cos A : cos B: cos C and 
u : v: w =cotA: cot B: cot C. 


Proof. Let & = +, „ = —, 2’ = . The primitive 


vu Jo Vw 
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inequality is equivalent to 


uw 


2,{/—— . „r sin A2 8 ican 2 sin B 


uv ＋ v +uw 


uv 1 Pia 
Fas Fuw tuw 7? sin C 
Sr +y’? +2", (a) 


By Cauchy inequality, the expression on the left side of the 
formula (a) is less than or equal to 


vw uw 4 uv 7 
uv +vwt+uw uv +vw tuw uv +vw + uw 


Vy z sim A TT z sin B 2 y sin C 
= 2V y z sit A T sin B T Yin, 
thus, it suffices to prove that 


2y z sit A 2 72 Tain B +a y sin C <x”? +y? 42” 

S2 2 (2sin- A- 1) +222?z’?(2sin?B —1) +22’? y’?(2sin?C — 1) 
<r +y +z” 

)2y"2z"2cos(x —2A) +2r” z’ cos(a — 2B) + 2x"? y"cos(x — 2C) 
Lr” +y +z". (b) 
Formula (b) can be obtained by the substitutions (z, y, z) —> 
(z, *, 29 and (A, B, C) > (x 2A, n 2B, x — 2C) by the 
embedding inequality. g 


By applying the inequality of weighted sine sum, we can obtain 
the following two interesting triangle inequalities. 


Example 4. Let three sides of AABC be a, b, c, the 
corresponding angles be A, B, C. Denotes s =a +b +c. And let three 
sides of AA’, B’, C’ bea’, b’, c’, the corresponding angle be A’, B’, 
C'. Denotes = a +b +c. Show that 
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Equality holds if and only if AABC and ABC“ are regular 
triangles. 
Proof. Substituting in the inequality of weighted sine sum by A ~ 


A. B+ TË, . we obtain a new inequality, then 


substituting in the new inequality by z - yz, y > zz, z > zy. And 
substituting u >a’, v >= b’, w —> c’, obtain 


A B C 
2{ zcos = + cos = +zcos — 
am +E 4 ee . 2 2 a ) (a) 


6 


And in (a), we use the substitutions z — cos 4, y+ “eos, 


8 


z 22000 E, ang notice that ë 
5 2 8 
© 
E 
a B C i B C 
5 cos 2 008 3 2K sin Acos 5 cos 5 
cos 4 2R(sinA T ein B +sin C)cos 4 
2sin Acos Acos B os c 
i 2 2 2 2 n 
A B C A 2 2 
4cos 2 cos cos c 


and so on. So we can obtain 


bc 2A ac B ,ab C 
2( L. 2 + K 2 . 0 


E A PENE. ae 
Ai ty a E a T aaa 
bc tac +ab 
(b) 
Since 
b'c +a'c’ Tab! S $s (c) 


and 


5 
aap 
2s 
- ala" +b? +c? +2(ab +bc +ca)] 


250 tb +e =. (d) 


Substitute (c) and (d) into (b), the inequality follows immediately. 
o 


By embedding inequality, we can get well-known Neuberg-Pedoe’s 
inequality and some inequalities about moving point inside the 
triangle. Limited to the aim -of this book, we do not expand the 


subject in this area any further: 
Another well-known inequality with weighted real numbers is the 
inequality for moment of inertia. 


Theorem 4 (Inequality for moment of inertia). Let P be an 
arbitrary point on the plane of AAC. Denote PA = RI, PB = Ra, 
PC = R,, then for arbitrary real numbers z, y, z € R, we have 


(x +y +2)(2R? TRI TRI) > yza? b + xy’. (5) 


Equality holds if and only if zR, : yR2 ER, = sina: sin a2 
sin as ; which a; — LAPA GA. =A,, As A: i =1, 2, 3) (the 
angles are in the same direction). 


PA 
dzP then 


zx 


o (DPG =| DAN 
= Da | PA |? +2) zy PA . PB 


Proof, Let PQ = 


